Solutions to the 2017 Olympiad Hamilton Paper

H1. The diagram shows four equal arcs placed on the
sides of a square. Each arc is a major arc of a circle
with radius 1 cm, and each side of the square has
lengthv/2 cm.

What is the area of the shaded region?

Solution

Join the centres of the circles, as shown in the diagram alongside,
to form a quadrilateral whose sides have length 1 cm + 1 cm. Each A

angle of this quadrilateral is equal to 90° from the converse of 0
Pythagoras' Theorem, since we are given the ‘inner’ square has ‘<\
sides of length/2 cm. Because it has equal sides. it follows that D

the quadrilateral is a square.

The shaded region comprises this square and four sectors of circles,
each of radius 1 cm and angle 270°, thus its area is equal to
2x2+4x3x7x1? incm?,

Therefore, ircn?, the shaded area is equalite- 3.



H2. A ladybird walks fromA to B along the edges of the
network shown. She never walks along the same edge
twice. However, she may pass through the same point A B
more than once, though she stops the first time she
reaches.

How many different routes can she take?
Solution
Label the centre poirX, as shown in the diagram alongside.

Clearly any route that the ladybird takes frérto B passes
throughX, and she stops the first time she readhes A X B

Therefore the number of different routes that the ladybird can take is equal to
(the number of routes frolto X) x (the number fronx to B).

The number of routes froto X is equal to

(the number of ‘direct’ routes fromto X) + (the number fronA to X that visitX twice),

which is 3 + 3 x 2.

However, the number of routes frotto B is just 3, since the ladybird stops the first
time she reachdd so that it is not possible for her to viXiagain. Thus the total
number of different routes that the ladybird can take is 9 x 3, which equals 27.



H3. The diagram shows squaBCD andEFGD. The length of
BF is 10 cm. The area of trapezilBEGF is 35cn?.

What is the length oAB?

Solution

The pointF lies on the diagon&D of the squarédBCD, so
that ZFBC is equal ta45°. Let pointX lie onBC so that
ZFXB = 90°, as shown in the diagram alongside. Then
ZXFB = 45° from the angle sum of triangBXF; it

follows from ‘sides opposite equal angles are equal’ that
BX = XF.

Now, using Pythagoras' Theorem in trianBKF, we obtain
XF = 5/2cm. ButCGFX is a rectangle, so th@G = XF.

Let the length oAB bea cm. Then
1x5/2x(2a-5/2) = 35and s®®?a — 5/2 =

NI

Hence2a = 5V2 + 14?, sothal = 6v2.
Therefore the length @B is 6v/2 cm.

C




H4. The largest of four different real numberslis¥hen the numbers are summed in pairs,
the four largest sums are 9, 10, 12 and 13.

What are the possible valuesdi

Solution

Let the other three different numbersayé andc, in increasing order. Then each of
them is less thad, so thatt + d is the largest sum of a pair. The next largebtis d,
because it is larger than any other sum of a pair. But we do not know wihetheor
a + dis next (though each of these is larger than c, which in turn is larger than

a + b). There are thus two cases to deal with, depending on wiether < a + d or
a+d<b+ec

b+c<a+d

We have
b+c=09, D
a+d = 10, (2
b+d-=12 )
and c+d =13 (4)

From equations (1), (3) and (4), we find tBdt = 16, so thad = 8.

a+d<b+c

We have
a+d=9 ()
b+ c = 10, (6)
b+d=12 (7
and c+d =13 (8)

From equations (6) to (8), we find tH&d = 15, so thad = 7.5.

In each case, it is possible to find the values, bfandc from the equations, and to
check that these fit the conditions in the question.

Therefore the possible valuesdére 7.5 and 8.



H5. In the trapeziunABCD, the linesAB andDC are parallelBC = AD, DC = 2AD and
AB = 3AD.
The angle bisectors afDAB and ZCBA intersect at the poirl.

What fraction of the area of the trapezi@dBCD is the area of the trianghBE?

Solution

Let BC = AD = k, so thatDC = 2k andAB = 3k, and let the poinX lie on AB so that
XBCD is a parallelogram, as shown in the diagram on the left below. It follows that
DX = k andXB = 2k (opposite sides of a parallelogram), so tat= k.

Hence triangledXD has three equal sides—it is therefore an equilateral triangle. In
particular, this means that andd@X is equal ta60°.

A X B A B

As a consequence, the trapeziABCD is actually made up from five equilateral
triangles, as shown in the diagram on the right above.

Now the triangléABE comprises one equilateral triangle and two half-rhombuses. The
area of the two half-rhombuses is equal to the area of two equilateral triangles.

Therefore the area of the triangiBE is £ of the area of the trapeziuABCD.




H6. Solve the pair of simultaneous equations
X +3 =10 and

10
3+y=—.
y X
Solution
First, let us number the two given equations, so that it is easy to refer to them.
X + 3y = 10 ey
10
3+y=— 2
y =7 (2

It is possible to eliminate one of the two unknowns by substituting from equation (2) into
equation (1), but this leads to a cubic equation. We present another method that avoids

this.

By subtracting« x equation (2) from equation (1), we get
X +3y-3x—-xy=0

so that

xX-3)(x-y) = 0.

Hence eithex = 3orx = y. We deal with each of these two cases separately.

X =3
Using equation (1), say, we obtain= 3.

X =
U;ng equation (1) we obtain
X + 3 = 10
so that
X +3-10 =0
Hence

X-2(Xx+5 =0,

and therefore either = 2 orx = -5. Whenx = 2theny = 2; whenx = -5then
y = -5

By checking in the two given equations, we find that all three solutions are valid. Thus
there are three solutions of the simultaneous equations, namely

eitherx = -5andy = -5
orx = 2andy = 2,
orx = 3andy = 1.



